In this paper we propose a novel method to estimate ego-motion parameters of a camera by directly using normal flows. The normal flow field is fully determined by the spatio-temporal derivatives of the image sequence. Therefore, different from traditional methods which achieve the estimation by tracking corresponding features or by calculating the optical flow field, the proposed method could achieve the ego-motion estimation without any artificial assumptions on imaging scene. Additionally, the interferences can be eliminated by the RANSAC algorithm and the reliability of the estimation is further verified by the back-tracking validation. A series of experiments with various synthetic data and real images have been conducted to test the feasibility and reliability of our method.
Introduction
The problem of ego-motion estimation we address here, is to estimate the 3D motion parameters of the monocular system by analyzing the spatio-temporal derivatives of the consecutive frames. This is a fundamental technology in many applications, such as, mobile robot navigation, Electronic Image Stabilization (EIS), video restoration and content analysis etc.. Several approaches have been proposed to estimate observer's motion parameters in the past three decades. And they can be classified into two major categories: direct and indirect approaches [3] .
There are two subspaces in the indirect group. The methods based on features correspondence, estimate the motion parameters by tracking the extracted features across the consecutive frames. Then, the estimation can be achieved by establishing the motion correspondence and utilizing the epipolar constraint. Unfortunately, the precision of the estimation is decisively affected by feature extraction and tracking [1, 12] . Consequently, the property that the imaging scene should consist of adequate distinct features, is necessary in these approaches. The other methods calculate the motion parameters by using the optical flow field, which represents the motion of every image pixel. However, because of the well-known aperture problem, the optical flow at a pixel is not available without additional constraints on the imaging scene [10, 15] . In general, indirect methods are always ill-posed and in order to obtain a unique solution, additional assumptions are required.
Direct approaches, conversely, could realize ego-motion estimation by directly using the normal flow field which is fully determined by the spatio-temporal derivatives of the image sequence. The normal flow, the motion along the image gradient direction, is the only flow component that can be estimated based on the local measurements [7] . These approaches make full use of the properties of the normal flows and no assumption on imaging scene is necessary [9] . Silva and Santos-Victor [14] achieved the estimation by searching subspaces and finding the lines containing the Focus of Expansion (FOE). The intersection of two different lines was viewed as the FOE which represented the direction of the translation. And the rotational parameters were calculated from the coefficients of the lines. However, a small error in the slope of the line will lead to a great error of the estimation. How to reduce the sensitivity of the error is still a challenging task.
In this paper we propose a novel method to estimate ego-motion parameters of a camera directly from the normal flows without any assumption on the scene geometry. Firstly, the input of the proposed method, the normal flows, can be obtained directly from the consecutive frames without any additional constraints on imaging scene. Additionally, RANSAC algorithm is adopted to avoid the interference of pseudo points. Moreover, the reliability of the estimation will be verified by the application of back-tracking validation and if reliable, the optimal results would be obtained by the clustering algorithm (K-means). As no additional assumption is needed, it is applicable for our method to any monocular system with arbitrary translation and rotation.
The proposed algorithm takes full advantage of the normal flows which could reflect observer's movement via their geometric properties. Therefore, this paper is organized as follows. Section 2 gives the geometric properties of the normal flows. Section 3 presents an overview of our method. In Section 4, experiments and results are presented, followed by concluding remarks in Section 5.
Characteristics of Normal Flow
The method proposed in this paper makes full use of the geometric properties of the normal flows which can be derived in perspective projection model. 
Thus the normal flow () Vn x , the projection of the optical flow on the gradient direction () nx , could be calculated by the equation: 
Consequently, the rotational parameter ω could be discovered according to Eq. (4) if more than three pure rotational normal flows are available. Our novel strategy will be detailed in the following section.
Ego-Motion Estimation
The strategy of hypothesis and confirmation is proposed to achieve the ego-motion estimation. Voting procedure is firstly adopted to classify the normal flows into different groups with supporting different pseudo FOEs (pFOEs). Then the rotational parameter ω corresponding to a certain pFOE, could be calculated by RANSAC algorithm, and lots of pFOEs would be eliminated at the same time. Finally, the remaining solutions are further verified by the application of back-tracking validation, and the optimal one would be obtained by the implementation of the K-means clustering algorithm.
Voting Procedure
The normal flows cannot be directly used to estimate the motion parameters because of the unknown depth information () Z x . However, for the normal flow vectors in particular directions, the translation component () trans Vn x would be zero, and therefore, only the rotational information is carried in these pure Rotational Vectors (pRVs). For these pRVs, the Eq. (4) holds, and then the rotational parameters can be calculated if more than three eligible pRVs are available. Yet, no pRV can be picked out if FOE is unknown. Hence the voting is firstly applied to select pFOE and its corresponding pRVs.
Voting is drawing the lines with certain characteristics in a topological space. At the pure Rotational Points (pRPs), the pRVs follow the pure rotational constraint:
(5) That is, the pRV, collinear with the gradient direction () nx , is always perpendicular to the line connecting the point x and FOE (if FOE is not in the infinity). In other words, the flows following the constraint of Eq. (5) can be classified into the pure rotational group pRV G corresponding to the FOE. Thus, the line () FOE  x can be viewed as the voting line at the pRP x , and it can be expressed as:
Ax + By + C = 0 (6) Therefore, theoretically speaking, the FOE should lie on this voting line. Similarly, the FOE should also lie on the other voting lines at other pRPs corresponding to the FOE. Consequently, the intersection of all the voting lines corresponding to the group pRV G would be the corresponding FOE. After voting at all pixels, every intersection can be viewed as a pFOE. The result of voting is shown in Fig.1 . Based on the principle that the solution involving more vectors is more reliable, the intersections relatively brighter can be regarded as the pFOEs with higher probability successively, according to the descending order of the gray values. Fig.1 . Voting result and pFOEs
Motion Estimation Based on RANSAC
After voting, the intersections can be regarded as pFOEs successively, in accordance with the descending order of the gray values. For a certain pFOE, the normal flows satisfying the pure rotational constraint (Eq. (5)) can be classified into the corresponding group pRV G . According to Eq. (4), there is a linear relationship between the magnitude of pRVs and the pRPs. The rotational parameter ω is the coefficient of the linear motion model. Then we adopt an elegant hypothesis-and-test technique RANSAC algorithm [6] to estimate this linear model.
The RANSAC algorithm, having the ability that doing robust estimation of the model parameters with a high degree of accuracy even when a significant number of outliers are present in the data set, is applied as follows.
The original motion model is fitted by randomly selecting the minimal set of pRVs from pRV G . All other data in pRV G are then tested against the fitted model, and if a point fits well to the estimated model, it would be considered as a hypothetical inlier. If too few points are classified as inliers, the coefficient of motion model would be rejected. Otherwise, a new model is fitted by all inliers. In the next iteration, another minimal set of pRVs are sampled and go through the same process above. The process repeats until a sufficient number of samples have been explored. Some important parameters in RANSAC algorithm are implied as follows. Assume n is the minimum number of data required to fit the model, and t is the threshold value to determine whether a datum fits the model well or not. The point x could be viewed as an
The number of iterations m is typically chosen according to the following formula, which guarantees the probability that the algorithm produces a useful result is greater than P : 1 (1 ) 
Back-tracking Validation and Clustering Algorithm
After the elimination of the RANSAC algorithm, a fraction of pFOEs are remaining and the majority of them should be clustered if our estimation is reliable. If not, it is necessary to conduct the estimation once again by changing the threshold  of selecting pRVs. Back-tracking validation is adopted to test whether the remaining pFOEs are reliable and then the optimal solution would be obtained by applying clustering algorithm (K-means) if the estimation is trustworthy.
Back-tracking validation, drawing the remaining pFOEs on the original images or voting figures (Fig.2) , is adopted to further test and verify the reliability of the estimation. If the remaining pFOEs are scattered, the threshold  of selecting pRVs should be changed properly until the majority of them are clustered. Otherwise, the following clustering algorithm (K-means) will be applied to estimate the optimal solution. In order to obtain the optimal solution, the most common K-means algorithm, whose clustering criterion is the sum of squared error, is applied to divide the remaining pFOEs into several groups, and the center of the group containing the multitude of pFOEs, can be viewed as the optimal FOE (the white dot in Fig.2 ). In this bidimensional problem, K-means algorithm, using Euclidean distance as the metric, can effectively gain the center of the objects in the class. The solution corresponding to the optimal FOE is our estimation.
Experiments and Results
The algorithm proposed here has been tested in a series of experiments involving both synthetic and real image sequences with motion of arbitrary translation and rotation. The feasibility and reliability of our method have been verified by comparing and validating experimental results in various ways. All experiments are performed in Matlab R2011a.
Experiments with synthetic image data
Several experiments have been performed with synthetic image data in our simulation. The proposed method is effectively tested by comparing our estimations with ground truth assumed and the achievements in other methods.
Our method is firstly verified by several sets of simulations conducted as follows. The normal flow fields are generated with different 3D motion parameters assumed. In all simulation experiments, no noise is under consideration. The scene depth () Z x and gradient direction () nx used in the calculation of normal flow field according to Eq. (3) are generated randomly. The image resolution was assumed to be 101 101  .
Three sets of simulation results are shown in Table 1 . Table 2 and 3 display the errors of the estimations in the view of translation and rotation respectively. Our method achieved better results in discovering the motion parameters as compared with the method of Silva et al. [14] . The other synthetic data is the benchmark data used in the literature, the very widely used Yosemite sequence. Raudies and Neumann [13] had achieved the estimation of the ego-motion by using the high-accuracy optical flows, namely the methods of Brox et al. [2] and Farnebä ck [5] . The ground truth of the images is t = (0, 0.17, 0.98) T ×34.8 pixels and
T2
(1.33,9.31,1.62) 10   ω deg/frame [8] . Table 4 shows the results in comparison with those reported in the literature. The proposed method achieved better result in discovering the translational direction as compared with the other methods in the literature. On the estimation of the rotational parameters, our method also obtained achievements comparable to or better than those of the methods in the literature. In this verification, our approach performed slightly less than the method of Raudies et al. [13] , yet it should be paid attention that the smoothness constraint on imaging scene was introduced in the method [13] . The additional assumption will cause some problems if the imaging scene is not smooth enough. 
Experiments with real image data
Two groups of experiments, based on different sets of real image sequence, are conducted to further test and verify the proposed method. The sequence selected as the first sample, presented in Fig.3 , is Set 1 (provided by Daimler AG) of the enpeda.. sequences, as described in [11] . Fig.3 demonstrates the process of K-means clustering algorithm aiming at gaining the optimal FOE. There are the remaining pFOEs labeled as the squares with green edge. What's more, the blue dot in Fig.3 is the truth of FOE calculated according to the given motion parameters in Set 1. Additionally, the points marked as yellow and red square denote the estimations in the methods of Silva et al. [14] and our approach respectively. The errors of the estimations by the two methods are shown in the Table 5 . Fig.4 . The white dot represents the truth of FOE, and the other identifiers in Fig.4 are the same as them in Fig.3 . The errors of motion estimation with TTS are shown in Table 6 . [14] and our approach respectively.
The proposed method achieved better result in discovering the translational direction as compared with the method of Silva et al. [14] . On the estimation of the rotational parameters, our approach also obtained achievements comparable to the method [14] 
Conclusion and Future Work
In this paper, a novel method on general camera ego-motion estimation by directly using normal flows is proposed. The normal flow field is the only image flow component that can be estimated based on local measurements. Therefore, no artificial constraints on imaging scene are necessary is the advantage of our approach. The experiments in Section 4 have forcefully indicated that our algorithm is feasible and reliable enough. Unfortunately, the complexity of the proposed method is 3 () On in the size of the image because of the complexity of the RANSAC algorithm. In addition, the accuracy of rotational parameters needs to be improved in some ways. Therefore, further study will lie in the following areas: 1) a more flexible algorithm that can obtain observer's motion parameters in other shortcuts instead of large amount of numerical computation; 2) some improvements in the accuracy of rotational parameters.
